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Finite dimensional approximation on manifold with
codimension-4 foliation
Dexie Lin
Abstract
For closed manifolds endowed with a Riemannian foliation of codimension 4, one can define
a transversal Seiberg-Witten map. We show that there is a finite dimensional approximation
for such a map. By such a method and under the condition that H1b (M) ∩ H
1(M,Z) is
a lattice of H1b (M), we can define a high dimension Bauer-Furuta invariant. If the basic
cohomological group is of zero dimension, we can give an estimate for the index of transversal
Dirac operator of a foliated spin structure. Moreover, under some condition on H2b (M), we
show the vanishing of the index of the basic-Dirac operator without using the positivity of
the transversal scalar curvature.
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1 Introduction
SeibergCWitten invariants are one of the main tools in the study of the differential topology of
4-manifolds. Since the foundational paper [16], a lot of work has been done to apply this theory to
various aspects of three and four-dimensional geometry. A natural idea is to extend this framework
to higher-dimensional manifolds. For Yang–Mills instantons this has already been investigated by
Wang [15], under the taut-condition the compactness of the basic Seiberg-Witten moduli space
is showed by Kordyukov, Lejmi and Weber [7]. For transversal Dirac operator, Bru¨ning et al [3]
give a formula to express the index, however it is very difficult to apply the formula in reality. In
this paper, we will show the finite dimensional approximation for the transversal Seiberg-Witten
map. One result of the paper is to define a variant Bauer-Furuta invariant with the taut condition
of the foliation, using this finite dimensional approximation.
If moreover we assume that of the first basic cohomology vanishes, then there is an up bound
for the index of the transversal Dirac operator of a foliated spin structure. The following theorem
can summarize the another result of this paper.
Theorem 1.1 Let (M,F ) be a closed oriented manifold with a codimensional 4-foliation. If we
assume that M admits a foliated spin structure and the first basic de Rham cohomology vanishes,
1
i.e. H1b (M) = 0, then we have the estimate,
Ind( /Db) ≤ b
+
b − 1,
where /Db denotes the transversal Dirac operator and b
+
b denotes the dimension of self-adjoint part
of the second basic cohomology.
By the theorem, we also have a corollary which states the vanishing index of the basic Dirac
operator, under a topological condition on H2b (M). Our vanishing corollary does not need to
establish classical Weitzenbo¨ck-like formulas and the positivity on transversal scalar curvature.
The plan of the article is the following: in Section 2, we review the basic notions and prop-
erties of the Riemannian foliation, in Section 3, we review some properties of Fredholm, stable
cohomotopy and cohomotopy group, in Section 4, we give an explicit construction of the high
dimensional Bauer-Furuta invariant.
Acknowledgement: The author thanks Mikio Furuta for the discussion and encouragement
to study gauge theory.
2 Geometry of Foliation
In this section, we let M be a closed oriented manifold with dimension p and codimension q
foliation.
Definition 2.1 A Riemannian metric g on M is said to be bundle-like, if
LXgQ ≡ 0,
for any X ∈ Γ(F ), where Q = TM/TF is identified with the orthogonal complement to TF⊥ by
g and g = gF ⊕ gQ .
By [12], we know that the bundle-like metric can be locally written as g =
∑
i,j gij(x, y)ω
i⊗ωj +∑
k,l gk,l(y)dy
k ⊗ dyl, where (x, y) is in the foliated chart of M and ωi = dxi + aiα(x, y)dy
α.
Let π : TM → Q, for any s ∈ Γ(Q) we define ∇T on Q, by
∇TXs :=
{
π([X, s]) X ∈ Γ(F ),
π(∇Xs) X ∈ Γ(Q).
We have the transverse Ricci curvature and scalar curvature,
RicT (Y ) =
q∑
i=1
RT (Y, ei)ei, Scal
T =
q∑
i=1
gQ(Ric
T (ei), ei),
where {ei} is a local gQ-orthonormal frame of Q. Actually, as the connection is invariant under
the holonomy by [14, 5.14], it can be shown that RT satisfies the condition
ιXR
T = 0,
for any X ∈ Γ(F ).
We define the basic forms
Ωrb(M) = {ω ∈ Ω
r(M)
∣∣ ιX(ω) = 0, LX(ω) = 0, ∀X ∈ Γ(F )}.
The mean curvature vector field τ :=
∑dimF
i=1 π(∇ξiξi), where {ξi} is a local orthonormal basis
of F . We have the orthogonal decomposition in the C∞-Fre´chet topology [1],
Ω(M) = Ωb(M)⊕ Ω0(M),
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We have the Hodge-star operator,
∗¯ :
r∧
Q∗ →
q−r∧
Q∗,
which is given by ∗¯α = (−1)(q−r) dim(F ) ∗ (α∧χF ), where χF is the character form of the foliation,
i.e. dvolM = dvolQ ∧ χF . For the section α ∈ Γ(
∧r
Q∗), we define its L2 norm by
‖α‖2L2 =
∫
M
α ∧ ∗¯α ∧ χF .
We have that for any α ∈ Γ(
∧r
Q∗),∫
M
α ∧ ∗¯α ∧ χF =
∫
M
α ∧ ∗α.
For the bundle-like metric, we also have
∗¯ : Ωrb(M)→ Ω
q−r
b (M).
Proposition 2.2 (Rummler [13]) We get
dχF = −κ ∧ χF + φ0,
where φ0 belongs to F
2Ωp = {ω ∈ Ωp(M)
∣∣ιX1 · · · ιXpω = 0, for any X1, · · · , Xp ∈ Γ(F )}.
Proposition 2.3 We have that the L2 adjoint dual of d is δ = (−1)m(∗+1)+1∗¯(d− κ∧)∗¯.
Proof By direct calculation, we have the identity
d(α ∧ ∗¯β ∧ χF ) = ((dα) ∧ ∗¯β) ∧ χF + (−1)
r−1(α ∧ (d∗¯β)) ∧ χF
+(−1)m−1(α ∧ ∗¯β) ∧ (−κ ∧ χF ) + (α ∧ ∗¯β) ∧ φ0,
taking the integral for the terms α ∈ Ωr−1(Q∗) and β ∈ Ωr(Q∗), one can deduce that (α∧∗¯β)∧φ0 ≡
0, therefore
(dα, β)L2 = (−1)
r
∫
M
α ∧ (d∗¯β − (−1)m−r∗¯β ∧ κ) ∧ χF
= (−1)m(r+1)+1
∫
M
α ∧ ∗¯(∗¯(d− κ∧)∗¯β) ∧ χF .
Proposition 2.4 ([4]) Any Riemannian foliation F carries tense bundle-like metrics, i.e. having
basic mean curvature form
κ = κb.
Here a Riemannian foliation means that a foliation carries a bundle-like metric.
Remark: It means that κ = κb + κ0, where (κ0, ωb)L2 = 0 for any basic one form ωb. It can be
shown that any bundle-like metric can be deformed in the leaf directions leaving the transverse
part unchanged in such a way that the mean curvature form becomes basic[4]. For basic mean
curvture form, it is known that
dκb = 0.
Moreover, we also have that the cohomology class [κb] is independent on any bundle-like metric
[1].
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Proposition 2.5 Let db denote the restriction of d on the basic forms. For any basic form α we
define the L2-norm by
‖α‖2L2 =
∫
M
α ∧ ∗¯α ∧ χF .
Then, the adjoint dual of db is δb = (−1)m(∗+1)+1∗¯(db − κb∧)∗¯.
Proof By direct calculation, we have the identity
d(α ∧ ∗¯β ∧ χF ) = ((dα) ∧ ∗¯β) ∧ χF + (−1)
r−1(α ∧ (d∗¯β)) ∧ χF
+(−1)m−1(α ∧ ∗¯β) ∧ (−κ ∧ χF ) + (α ∧ ∗¯β) ∧ φ0,
taking the integral for the terms α ∈ Ωr−1b (M) and β ∈ Ω
r
b(M), one can deduce that (α∧∗¯β)∧φ0 ≡
0, therefore
(dα, β)L2 = (−1)
r
∫
M
α ∧ (d∗¯β − (−1)m−r∗¯β ∧ κb) ∧ χF
= (−1)m(r+1)+1
∫
M
α ∧ ∗¯(∗¯(d− κb∧)∗¯β) ∧ χF .
Let dκ = d− κb∧, and δκ denotes the adjoint of dκ, we have the following Laplacians
∆b = dbδb + δbdb, ∆κ = δκdκ + dκδκ.
We have the two cohomology groups Hb(M) and Hκ(M) associated with the operator db and dκ
respectively.
Proposition 2.6 (Kamber and Tondeur[8]) Under a bundle-like metric g, we have a well-
defined non-degenerate twisted paring
Hrb (M)×H
q−r
κ (M)→ R,
([α], [β]) 7→
∫
M
α ∧ β ∧ χF .
Definition 2.7 We say a foliation is taut, if there is a metric on M such that κ = 0, i.e. all
leaves are minimal submanifolds.
Remark For a fixed Riemannian foliation F , the taut condition has a topological obstruction.
If Hqb (M) 6= 0, then we have a taut bundle-like metric. By the non-degenerate pairing, we
have H0κ(M) 6= 0, which means that there is a (basic)function, λ such that dλ = λκ. We can
choose gλ = gQ ⊕ e
2
p
λgL. One can verify that gλ is a taut bundle-like metric. In other words to
say is that [κb] ∈ H1b (M) is a topological obstruction for a Riemannian foliation to admit a taut
metric.
Definition 2.8 A principal bundle P → (M,F ) is called foliated, if it is quipped with a lifted
foliation FP invariant under the structure group action, transversal to the tangent space to the
fiber and TFP projects isomorphically onto TF .
For a foliated vector bundle E overM , by the definition, we know that for any two connections
∇1, ∇2 adapted to this foliated vector bundle, we have that
∇1V s = ∇
2
V s,
for all s ∈ Γ(M,E) and V ∈ Γ(F ).
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Definition 2.9 For an associated foliated vector bundle E, an adapted connection is called basic,
if the connection 1-form ω on its principal bundle PE satisfies
LXω = 0,
for any X ∈ Γ(Fp).
Remark: By [8, Lemma 2.29], the above definition is equivalent to say that ιXR
E = 0 for any
X ∈ Γ(F ).
Definition 2.10 A transverse Clifford module E is a complex vector bundle over M equipped
with an action of Cl(Q). A transverse Clifford module E is called self-adjoint, if it is equipped
with a Hermitian metric (, ) such that the Clifford action is skew-adjoint at each point, i.e.
(s · ψ1, ψ2) + (ψ1, s · ψ2) = 0,
for any s ∈ Γ(Q) and ψ1, ψ2 ∈ Γ(E). A Clifford connection on E is a connection ∇
E which is
compatible with the Clifford action.
Remark: Actually, for any foliated spinc bundle E, which means that a spinor bundle E is the
transverse Clifford module, self-adjoint and equipped with a Hermitian Clifford connection ∇E .
By [8, 2.39] we can choose ∇E to be a basic connection, as the group of bundle automorphisms
preserving the foliation is compact. In this paper, we always assume that the connection is basic.
For a foliated spinc principle bundle P over M , the automorphism group Gb is a subgroup of
G = {u :M → U(1)} satisfies that
V u = 0,
for all V ∈ Γ(F ) for u ∈ G.
Example:
For T 4 with dense a 1-dimensional foliation V . We have that for any foliated spinc structure,
the automorphism group Gb consists of all constant maps. To see this, we fix a point x0 ∈ T
4,
choose a metric on T 4. For any x ∈ T 4, and ǫ > 0, there is a geodesic ball at x0 with radius δ,
such that for any point x in this ball, we have
|f(x)− f(x0)| < ǫ,
for any smooth function f . As the foliation is dense, there is a constant T (δ), such that
exp(T (δ)x0) locates in this ball. Since for any u ∈ Gb, u is constant along this orbit exp(tx0), by
the above argument, we get
|u(x)− u(x0)| < ǫ,
hence u(x) = u(x0).
Definition 2.11 Fixing a basic connection ∇E, we define the Dirac operator /Db by /Db =
∑q
i=1 ei·
∇Eei action on Γ(E).
Note that, it is not self adjoint, whose adjoint /D
∗
b = /Db − τb. For the non-taut case, we define
/Db =
∑q
i=1 ei · ∇
E
ei
− 12τb.
Proposition 2.12 The transversal Dirac operator maps the basic sections Γb(S) = {s ∈ Γ(M,S)
∣∣∇Xs ≡
0, for any X ∈ Γ(F )} to basic sections.
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Proof By the straightforward calculation, one gets that
∇X( /Dbψ) =
m∑
i=1
∇X(e
i∇Eeiψ)
=
m∑
i=1
(∇TX(e
i))∇Eeiψ +
m∑
i=1
ei(∇EX∇
E
ei
ψ)
=
m∑
i=1
(∇TX(e
i))∇Eeiψ +
m∑
i=1
ei(∇Eei∇
E
Xψ)
+
m∑
i=1
ei(∇X(∇
E))(ei, ψ) +
m∑
i=1
ei∇E[X,ei]ψ.
Letting X ∈ Γ(F ) and ψ ∈ Γb(S), on the above formula we have that the second and third terms
vanish, the first and last terms cancel.
Let E be a foliated vector bundle on M equipped with a basic Hermitian structure and a
compatible basic connection ∇E , we define
‖u‖p,k =
k∑
j=1
(
∫
M
|(∇E)uj |pdvolM )
1
p ,
for any u ∈ Γb(E). Let L
p
k be the complete space of Γb(E) with respect to such a norm. Following
the proof of classical Sobolev embedding and Sobolev multiplication, one deduces the basic Sobolev
embedding and Sobolev multiplication.
Theorem 2.13 Suppose that (M,F ) is a closed oriented manifold with codimension-m foliation
F , then the following inclusions hold:
•
Lpk →֒ L
q
l ,
where integers l, k satisfying 0 ≤ l ≤ k and l − m
k
≤ k − m
p
.
•
Lpk →֒ C
l,
where l < k − m
p
.
Theorem 2.14 basic Sobolev multiplication theorem Let 0 ≤ l ≤ k, under the setting of above
theorem, we have the following continuous maps:
•
Lpk × L
q
l → L
q
l ,
where k?m
p
> 0 and k?m
p
> l?m
q
. In particular, if k = l, p = q and k − m
p
> 0, then
Lpk × L
p
k → L
p
k.
•
Lpk × L
q
l → L
r
t ,
where k−m
p
< 0, l−m
q
< 0 and l satisfies 0 ≤ t ≤ l,r satisfies 0 < t
m
+ 1
p
− k
m
+ 1
q
− l
m
≤ 1
r
≤ 1.
•
(Lpk ∩ L
∞)× (Lql ∩ L
∞)→ (Lql ∩ L
∞),
where k = m
p
and l − m
q
≤ 0.
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•
(Lpk ∩ L
∞)× Lql → L
q
l ,
where l − m
p
< 0.
Before the construction of the Bauer-Furuta invariant, we need to define what the transverse
elliptic operator is.
Definition 2.15 An operator L is transverse elliptic if its transverse symbol is an isomorphism
away from the 0-section, i.e. σ(p, y) is an isomorphism for any p ∈M and non-zero y ∈ Q∗p.
3 Codimension 4 Seiberg-Witten and high dimensional Bauer-
Furuta invariant
3.1 Review of Fredholm, stable cohomotopy and cohomotopy group
Let
f : H ′ → H
be a Fredholm map, which is a compact perturbation of linear Fredholm operator.For analytic
necessary, we assume that H ′ and H are separable.
Lemma 3.1 ([2]) Let l : H ′ → H be a continuous linear Fredholm map between Hilbert spaces,
and c : H ′ → H be a compact map. Then, the restriction of the map f = l + c to nay closed and
bounded subset A′ ⊂ H ′ is proper, i.e. f |A′ is proper. If the preimages of bounded sets in H are
bounded, then f is proper and extends to a proper map f+ : (H ′)+ → H+.
We assume that f satisfies the bounded condition in the rest of this note.
Let W ⊂ H be a finite dimensional linear subspace, W ′ := l−1(W ), the inclusion W+ →
H+ \ S(W ⊥) is a deformation retract, the retract map ρW can described as follows:
• H+ = S(R⊕W ⊕W⊥), by h 7→ (|h|2 + 1)−1(|h|2 − 1, 2h).
• W+ maps to the equatorial S(R⊕W ⊕ 0) and S(W⊥) maps to S(0⊕ 0⊕W⊥).
• The retract homotopy shrinks the latitudes in S(R ⊕W ⊕W⊥) \ S(0 ⊕ 0 ⊕W⊥) to the
equator.
Remark:
ρW has the property that: For h ∈ H \W⊥, the vector ρW differs the projection prW (h) to
W by a positive scalar, i.e. ρW (h) = λ(h)prW (h).
Lemma 3.2 ([2]) There exists V ⊂ H a linear subspace, such that the following hold:
(1) V + Im(l) = H.
(2) for any W ⊃ V with W = U ⊥ V such that f |(W ′)+ : (W
′)+ = (l−1(W ))+ → H+, such that
Im(f |(W ′)+) ∩ S(W
⊥) = ∅.
(3) ρW f |(W ′)+ and IdU+ ∧ ρV f |(V ′)+ are homotopy as pointed map
(W ′)+ ∼= U+ ∧ (V ′)+ → U+ ∧ V + =W+.
We denote by πn(X) = [X,Sn]. Let X be of any CW-complex.
Proposition 3.3 If X is of dimension 2n− 2, then πn(X) is an Abelian group.
7
Proof For any [α], [β] ∈ πn(X), we define [α] + [β] as follows:
Let ∆ : X → X ×X as diagonal, then (α × β) ◦∆ : X → Sn × Sn, for the dimension reason,
there exists f : X → Sn ∨ Sn, such that the diagram commutes.
X
f
//
(α×β) ◦∆
$$❍
❍
❍
❍
❍
❍
❍
❍
❍
Sn ∨ Sn _

Sn × Sn
Denote by θ : Sn ∨ Sn → Sn the folding map, then [α] + [β] := [θ ◦ f ] is an Abelian sum.
If (X,A) is a pair of CW-complex, with dim ≤ 2n− 2, then we have
..→ πi(X)→ πi(A)→ πi(X,A)→ πi+1(X)→ ..,
where A is a closed set and πi(X,A) := πi(X/A).
We have πn(X) ∼= πn+1(S1 ∧X), with dim(X) ≤ 2n− 22.
Definition 3.4
πnst(X) = lim
N→∞
[SN ∧X,Sn+N ].
[f ] = lim
V⊂H
[(f |l−1(V ))
+] ∈ lim
V⊂H
[(l−1(V ))+, H+ \ S(V ⊥)].
Sometime we also denote by
πstInd(l)(S
0) = lim
V⊂H
[(l−1(V ))+, V +] ∼= lim
V⊂H
[(l−1(V ))+, H+ \ S(V ⊥)].
Let f : E′ → E be a continuous map between Hilbert bundles over compact manifold Y , such
that E = Y ×H . Extend the map prH ◦ f : E′ → H to a point compactification,
(prH ◦ f)
+ : T (E′)→ H
here T (E′) denotes for the Thom space. Let λ := F0−F1 belongs to the K-group of Y , such that
F1 = Y × V ,
πnH(Y ;λ) = lim
U⊂V ⊥
[U+ ∧ TF0, U
+ ∧ V + ∧ Sn] = lim
W⊂H
[W+Tλ,W+ ∧ Sn].
If everything admits a G-action, i.e. G-equivariant spectrum λ with G-manifold Y , then we
have the group
πnG,H(Y ;λ) = lim
U⊂V ⊥
[U+ ∧ TF0, U
+ ∧ V + ∧ Sn]G = lim
W⊂H
[W+Tλ,W+ ∧ Sn]G.
3.2 High dimensional Bauer-Furuta invariant
In this section, we let M be a closed oriented manifold with codimension 4 -foliation. We
choose a bundle-like metric g := gF ⊕ gQ.
We suppose that Q admits a foliated spinc structure, for rank of Q is 4, it admits a spinor
bundle S = S+ ⊕ S−. We define the basic Seiberg Witten equation, by{
/D
A
b ψ = 0,
F+A = q(ψ),
for the pair (A,ψ) ∈ Ab(det), ψ ∈ Γb(S+). The basic gauge group Gb consists of leaf-invariant
U(1)-valued function.
We define the operators l, c : iΩ1b × Γb(S
+)→ iΩ+b × Γb(S
−)× iΩ0, by
l(a,Φ) := (d+b a, /DbΦ, δba),
c(a,Φ) := (−σ(Φ), a2 · Φ, 0).
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Lemma 3.5 l is a Fredholm operator.
Proof As l is a first-order elliptic operator, it suffices to verify the regularity of l. Here we use the
idea of [6]. Let M =
∑N
i=1Ωi, where ϕi : Ωi
∼= Rp × Rq is a plague-preserving diffeomorphism.
Assume that each plaque in Ωi intersects at most one plaque in Ωj for i 6= j. The the foliation
cocycles τij : φi(Ωi ∩ Ωj) → φj(Ωi ∩ Ωj) can be introduced by matching the plaques, where
φi : Ωi → Rq is the composition of ϕi with the canonical projection Rp × Rq → Rq. Denoting
by Hol the holonomy pseudogroup generated by (τij), i.e. each element of Hol is a finite chain
of cocycles. For every i, fix a q-dimensional submanifold Yi ⊂ M so that φi restricts to a
diffeomorphism Yi ∼= Rq. We set Y =
∐
i Yi ⊂ M . Each basic function or forms is in 1 − 1
correspondence with an ordinary Hol-invariant objects on Y . The holonomy invariant metric gQ
associates with an ordinary metric gY on Y such that Hol action isometrically, and vice-versa.
On each such a foliated atlas, we denote by gi the corresponding Hol-invariant function on
Yi. Here we give a brief introduction of the construction.
We choose a smooth partition of unity 1 =
∑N
i=1 ρi, with respect to this local covering, such
that supp(ρi) ⊂ Ωi. We define a function θ = (θi) on Y by
θi(y) =
∫
Py
ρiχF ,
where Py is the plaque through y ∈ Yi and χF is the characteristic form. In the same spirit the
modified Fourier transform, fˆ = (fˆi) can be defined by
fˆi(ξ) =
∫
Yi
θi(y)e
−i<y,ξ>fi(y)dvolY .
Modifying the standard argument of [9, Chapter 3], one obtains the regularity for l.
Proposition 3.6 (Glazebrook and Kamber[10]) Let (M,F, gQ) be the manifold admitting
the above condition, we have
( /D
A
b )
∗ /D
A
b ψ = (∇
A
b )
∗∇Ab ψ +
1
4
(ScalT − δbκb + |κb|
2)ψ +
1
2
F+A · ψ,
where (∇Ab )
∗∇Ab = −
∑m
i=1∇
A
ei
∇Aei +
∑m
i=1∇
A
∇Tei
ei
+ ∇Aτb . For the convenience, we denote by
ST = ScalT − δbκb + |κb|2.
Proof We have
( /D
A
b )
∗ /D
A
b ψ =
m∑
i,j=1
ei∇
T
ei
ej∇
T
ej
ψ − τb /D
A
b ψ,
and for the term
m∑
i,j=1
ei∇
A
ei
ej∇
A
ej
ψ =
∑
i=j
eiej∇
A
ei
∇Aejψ +
∑
i,j
ei∇
A
∇Tei
ej
ψ +
∑
i<j
eiej∇
A
ei
∇Aejψ +
∑
i>j
eiej∇
A
ei
∇Aejψ
= −
∑
k
(∇Ak∇
A
k +∇
A
∇Tek
ek
+∇AII(ej ,ej))ψ +
∑
i<j
(eiej)(∇
A
ei
∇Aej −∇
A
ei
∇Aei)ψ
= −
∑
k
(∇Ak∇
A
k +∇
A
∇Tek
ek
)ψ +∇Aτbψ +
1
4
ScalTψ +
1
2
FA · ψ,
where II(ei, ei) denotes the 2nd fundamental form. Here to compute the curvature part, we use
the classical way, the exactly same way to show the classical Weitzenbo¨ck formula.
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Lemma 3.7 (KLW[7])
∆b(|ψ|
2) ≤ 2Re((∇Ab )
∗∇Ab ψ, ψ)
Lemma 3.8 If (A,ψ) is the solution to the basic Seiberg Witten equation, we have
|ψ2| ≤ max
M
(−ST , 0).
Proof The way is similar to the classical bound formula.
∆b|ψ|
2 ≤ 2Re((∇Ab )
∗∇Ab ψ, ψ)
= −
1
2
ST |ψ|2 −Re(F+A ψ, ψ)
= −
ST
2
|ψ|2 −
1
2
|ψ|4.
Let x0 be a point where |ψ|2 is maximal. Then, τ |ψ|2 = 0, i.e. ∆gQ |ψ2| = ∆b|ψ|2, where ∆gQ is
the usual Laplacian associated with the metric gQ. The results follows.
By using the saluted neighborhood and the partition of unity, we get the basic Sobolev em-
bedding and Sobolev multiplication.
Proposition 3.9 Setting 0 ≤ l ≤ k, we have the following statements.
(1) If k − q
s
> 0 and k − q
s
≥ l − q
t
, then we have
Lsk × L
t
l → L
t
l .
(2) If 0 ≤ l ≤ k and l − q
t
≤ k − q
s
< l, then we have
Lsk →֒ L
t
l .
Moreover, for l < k − q
s
, we have
Lsk →֒ C
l.
(3) The inclusion
Lsk+1 →֒ L
s
k
is compact.
Proposition 3.10 Let C = L22(Ab×Γb(S
+)) and Gb = L23(C
∞
b (M,S
1)), we have that the quotient
B = C/Gb is a Hausdorff space.
Proof It suffices to show that for any two sequences {(An,Φ1n)}, {(Bn,Φ
2
n)} ⊂ C converging to
(A,Φ1) and (B,Φ2) respectively. If for any n, there exists gn ∈ Gb such that
g∗n(An,Φ
1
n) = (Bn,Φ
2
n),
then {gn} has a converging subsequence. The proof is a routine, here we just give a outline.
By the Sobolev multiplication lemma
L6 × L23 → L
5,
and the fact that gn ∈ L6 and (Bn − An) ∈ L23 are bounded. One deduces that ‖dgn‖L5 is also
bounded, ⇒ ‖gn‖L5
1
is bounded. Similarly, from L51 × L
2
3 → L
4
1 is continuous, we have ‖gn‖L42 is
bounded, and from the fact that L42 × L
2
3 → L
3
2 is continuous, we have that ‖gn‖L33 is bounded.
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Also, by L33 × L
2
3 → L
2
3, we have ‖gn‖L24 bounded By the Rellich embedding lemma, {gn} has a
converging subsequence in L23. The estimate
‖2dgn − 2dgm‖L2
3
= ‖gn(Bn −An)− gm(Bm −Am)‖L2
3
≤ ‖gn(Bn −An)− gn(Bm −Am)‖L2
3
+ ‖gn(Bm −Am)− gm(Bm −Am)‖L2
3
≤ Const.{‖gn‖L2
3
(‖Bn −Bm‖L2
3
+ ‖An −Am‖L2
3
)
+‖gn − gm‖L2
3
‖Bm −Am‖L2
3
} → 0,
implies that {dgn} is a Cauchy sequence in L23, therefore {gn} is a Cauchy sequence in L
2
4, hence
has a converging point g ∈ Gb. By the the identity −2dgn = gn(Bn−An), gn ∈ L24, (Bn−An) ∈ L
2
3
and the multiplication L24 × L
2
3 → L
2
3. We have 2dg = g(B − A) . At last, from gnΦ
1
n = Φ
2
n, we
also have gΦ1 = Φ2
We define the map
µ˜ : Ab × (Γb(S
+)⊕ Ω1b(M)⊕H
0
b (M))→ Ab × (Γb(S
−)⊕ Ω+b (M)⊕ Ω
0
b(M)⊕ ker(δb + d
+
b )
by
(A, φ, a, f) 7→ (A, /D
A+a
b φ, F
+
A+a − q(φ), δba+ f, aha),
where Ab denotes the set of all basic spinc connections and aha denotes the the image of the
projection to the ker(d+b + δb). Let G
0
b be the fixed-point gauge group. Fix A ∈ Ab, A+ker(db) ⊂
Connb is a G0b -invariant subspace. Set
• A˜ = (A+ ker(db))× (Γb(S+)⊕ Ω1b(M)⊕H
0
b (M)),
• C˜ = (A+ ker(db))× (Γb(S−)⊕ Ω
+
b (M)⊕ Ω
0
b(M)⊕ ker(d
+
b + δb))
• Ab = A˜/G0,
• Cb = C˜/G0.
Since µ˜ is G0–equivariant, we set µ = µ˜/G0 : A → C.
Lemma 3.11 The preimage µ−1(B) ⊂ Abk of a bounded disk bundle B ⊂ C
b
k−1 is contained in a
bounded disk bundle.
Proof We let µ(A, φ, a) = (A,ϕ, b, aha) ∈ Ck−1 be bounded by some constant R. By the
Weitzenbo¨ck formula, we get
( /D
A
b )
∗ /D
A
b φ = (∇
A
b )
∗∇Ab φ+
1
4
(ST )φ+
1
2
F+A · φ,
together with the inequality
∆b(|φ|
2) ≤ 2Re((∇Ab )
∗∇Ab φ, φ),
setting A′ = A+ a, we have
∆b|φ|
2 ≤ 2Re((∇A
′
b )
∗∇A
′
b φ, φ)
= (( /D
A′
b )
∗ /D
A′
b φ−
1
4
STφ−
1
2
F+A′φ, φ)
= (2( /D
A′
b )
∗ϕ−
1
2
STφ− (b + q(φ))φ, φ).
Therefore, we get
∆b|φ|
2 +
1
2
ST |φ|2 +
1
2
|φ|4 ≤ (2( /D
A
b )
∗ϕ, φ) + (2aϕ, φ)− (bφ, φ)
≤ 2(‖( /D
A
b )
∗ϕ‖L∞ + ‖a‖L∞‖ϕ‖L∞)|φ|+ ‖b‖L∞|φ|
2
≤ C1((1 + ‖a‖L∞)‖ϕ‖L2
k−1
|φ|+ ‖b‖L2
k−1
|φ|2),
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with the Sobolev embedding ‖ · ‖L∞ ≤ C1‖ · ‖L2
k−1
for k > 4. Using the Sobolev embedding
‖a‖L∞ ≤ C2‖a‖Ls
1
for s > 4 and ‖a‖Ls
1
≤ C3(‖d
+
b a‖Ls + ‖aha‖, since ker(d
+
b + δb) is of finite
dimension, any two norms are equivalent, hence we omit the subscript of the norm. We get
‖a‖L∞ ≤ C4(‖aha‖+ ‖b‖Ls
0
+ ‖F+A ‖Ls + ‖q(φ)‖Ls)
≤ C5(‖aha‖+ ‖b‖L2
k−1
+ ‖F+A ‖Ls + ‖φ‖
2
L∞).
At the maximum of |φ|2, we have that ∆b|φ|2 ≥ 0 and τ |φ|2 = 0, hence
‖φ4‖L∞ ≤ CR((1 +R)‖φ‖L∞ + ‖φ‖
2
L∞ + ‖φ‖
3
L∞) + ‖S
T ‖L∞‖φ‖
2
L∞.
Thus, we obtain the L∞-bound and Ls-bound for (φ, a). By the standard bootstrapping method,
we get the desired result.
If H1b (M) ∩ H
1(M,Z) is a lattice of H1b (M), we define basic Picard group as Picb(M) =
H1b (M)/H
1
b (M) ∩H
1(M,Z).
Corollary 3.12 Assume that If H1b (M) ∩H
1(M,Z) is a lattice of H1b (M). The monopole map
defines an element [µ] in the stable cohomotopy group,
π0S1,H(Picb(M);λ) = π
b+(Picb(M); Ind(Db)),
where H := Γb(S
−)⊕Ω+b (X)-completion, Db = /D
A
b ⊕ (d
+
b + δb) and λ := Ind( /D)⊖H
+
b (M) is the
difference of the complex virtual index bundle of the basic Dirac operator and the trivial bundle
H+b (M). Notice that S
1 actions on Ind( /D) as multiplication and on H+(X) trivially.
Proposition 3.13 Let M be a closed oriented manifold with codimension 4 foliation, moreover
we assume that H1b (M) ∩ H
1(M,Z) is a lattice of H1b (M) and b
+
b > b
1
b + 1. By the choice
of the homological orientation, i.e. the orientation of det(H1b (M)) ⊗ det(H
+
b (M)), we have a
homomorphism t : πb
+
S1,H(Picb(M), Ind(Db))→ Z, whose value is the Seiberg-Witten invariant.
Proof For any element in πb
+
S1,H(Picb(M), Ind(Db)) can be represented by the map
µ : TF → V +,
such that F
l
−→ V ′ over Picb(M) with trivial bundle V ′, and V + = (V ⊕ H
+
b (M))
+. The
S1-invariant subset TFS
1
is mapped to a subspace (V +)S
1
by µ with codimension b+ − b1 ≥ 2.
After perturbation, the preimage of any generic point in the complement of S1-fixed points
is a manifold M with free S1-action. Suppose that dim(M) = IndR( /Db) + b
1
b − b
+
b = 2k + 1,
otherwise the Seiberg-Witten invariant is trivial. The Seiberg-Witten number is the evaluation of
the Euler class of (M× Ck)/S1 over (M/S1), i.e. < E((M× Ck)/S1), [M/S1] >. Equivalently,
we have a map
γ(Ck) ◦µ : TF → (V ⊕ Ck)+,
here γ(Ck) : V + → (V ⊕ Ck)+ is the standard inclusion. The value is taken the signed counting
number of the preimage of a generic fixed point, i.e. a finite number of oriented S1-orbits.
4 Proof of Theorem 1.1
In this section, we assume that a codimension-4 foliation of (M,F ) admits a foliated spin
structure. Fixing a bundle like metric gQ, one has the associated transversal Dirac operator, /Db.
Recall that the operators l, c : iΩ1b ×Γb(S
+)→ iΩ+b ×Γb(S
−)× iΩ0, are defined as the following:
l(a,Φ) := (d+b a, /DbΦ, δba),
c(a,Φ) := (−σ(Φ), a2 · Φ, 0).
By the straightforward calculation, one can refer the work in [5], we have the following lemma.
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Lemma 4.1 l, c are Pin(2)-equivariant.
Let Vb := L
2
4(Ω
1
b ⊕ Γb(S
+)), Wb := L
2
3(iΩ
+
b ⊕ Γb(S
−) ⊕ iΩ0b). By Sobolev multiplication
theorem, we have L23 ⊗ L
2
3 → L
2
3. Let D
∗
b be adjoint of D under such a metric, for the operator
D defined in the previous subsection. We define the norm of Vb and Wb respectively,
‖v‖2Vb :=
∫
X
(
|(l∗l)2v|2 + |v|2
)
, ‖w‖2Wb :=
∫
X
(
|(l∗l)
3
2w|2 + |w|2
)
.
We have the estimate
‖s‖L2
3
≤ C ·
(
‖s‖L2 + ‖(D
∗
bDb)
3
2 s‖L2 ,
)
for any s ∈ L23.
Lemma 4.2 ‖ · ‖V , ‖ · ‖W are Pin(2) invariant.
As (l+c)−1(0)/S1 is the normal moduli space of Seiberg-Witten equation, we have the following
lemma.
Lemma 4.3 Zero locus of map l+ c : Vb →Wb is compact.
Since the l∗l, ll∗ ≥ 0, for each nonnegative real number λ, we denote Vb,λ(Wb,λ) the eigen-space
consisting of eigenvector with eigenvalue ≤ λ of ll∗ or l∗l. Let pλ : Wb → Wb,λ be L2-projection,
pλ := 1− pλ. By the verbatim proof of [5], the following lemma establishes.
Lemma 4.4 We have the following properties:
(1) For any bounded sequence {vi} in Vb, if there is subsequence {v′i} weakly converges to v∞ ∈
Vb, then {c(v′i)} converges strongly to c(v∞) in W .
(2) If {vi} converges weakly to v∞ ∈ Vb, and {l(vi)} converges strongly to w∞ in Wb, then {vi}
converges strongly to v∞ in Vb and l(v∞) = w∞.
(3) For any w ∈Wb, as λ→∞, then ‖pλw‖Wb ց 0.
By lemma 4.3, for R≫ 0, we have
‖v‖V ≥ R ⇒ (l + c) 6= 0. (1)
Lemma 4.5 There exists such a real number ǫ, if ‖v‖V ≥ R(ǫ), then we have ‖(l+ c)v‖W ≥ ǫ.
Proof By contradicting argument. If not, then there exists a sequence {vi} with ‖vd‖Vb = R,
for any R, we have ‖(l + c)vd‖ → 0, d → ∞. By lemma 4.4 (1), there is a subsequence, still
denoted by {vi}, weakly converging to v∞ ∈ Vb, but {c(vi)} strongly converges to c(v∞) ∈ Wb.
If ‖(l + c)vd‖Wb → 0, we have that l(vd) → −c(v∞). By lemma 4.4 (2), we have {vi} converges
strongly to v∞ ∈ V , moreover l(v∞) = −c(v∞). Hence, one gets that vd → v∞ ∈ Vb and
‖v∞‖V = R, but (l + c)v∞ = 0 contradicting to formula (1).
Lemma 4.6 For λ≫ 0, we have
‖pλc(v)‖Wb < ǫ,
for any v ∈ Vb with ‖v‖Vb = R.
Proof If not, there exists a sequence {vi} and {λi}, with ‖vd‖V = R and λd → ∞ as d → ∞,
but ‖pλdc(vd)‖W ≥ ǫ. By lemma 4.4 (1), we retract a subsequence, still denoted by {vi}, weakly
converges to v∞ ∈ V and {c(vi)} strongly converges to c(v∞) ∈ Wb. By lemma 4.4 (3), we
13
know that ‖pλd0 c(v∞)‖Wb <
ǫ
2 , for d0 ≫ 0. Since {c(vi)} → c(v∞), for d1 > d0, we have that
‖c(vd1)− c(v∞)‖W <
ǫ
2 . Using lemma 4.4 (2) again, we have
‖pλd0 (c(vd1)− c(v∞)‖W ≤ ‖c(vd1)− c(v∞)‖W <
ǫ
2
.
By the above estimates, we have
‖pλd1 c(vd1)‖W ≤ ‖p
λd0 c(vd1)‖ ≤ ‖p
λd0 (c(vd1)− c(v∞))‖W + ‖p
λd0Qv∞‖
<
ǫ
2
+
ǫ
2
= ǫ,
contradicting to our condition.
Lemma 4.7 (l + pλc)(Vλ) ⊂Wλ.
Proof For v ∈ Vλ, we have v =
∑
ν≤λ vν , for ν ≤ λ, and
ll∗(lvν) = l(l
∗l)vν = νl(vν),
so l(vν) ∈Wν ⊂Wλ. Hence Dvν ∈Wλ. Obviously, Wλ is invariant under ll∗, so ll∗(pλQv) ∈ Wλ.
By the above lemma, we have
lλ + cλ : Vλ →Wλ,
where Dλ denotes the restriction of l and cλ = prλ ◦ c.
Lemma 4.8 lλ + cλ : Vλ →Wλ has no zero point, on a sphere with radius R.
Proof For ‖v‖V = R, by lemma 4.5,
ǫ ≤ ‖(l + c)v‖W ≤ ‖(l+ pλc)v‖W + ‖p
λcv‖W ,
combining with lemma 4.6, we have
0 < ǫ− ‖pλc(v)‖W ≤ ‖(l + pλc)v‖W .
Thus, l + pλc : V → W has no zero point on the ball with radius R, after taking the restriction,
the lemma is proved.
Lemma 4.9 For any large λ, as a representation of Pin(2), we have
Vλ = H
k+m ⊕ Rn, Wλ = H
m ⊕ Rb
++n+1,
where m, n and k are some non-negative integers.
Proof For l : V →W , we have two operators,
D1 := /D : L
2
4(S
+)→ L23(S
−), D2 := d
+
b + δb : L
2
4(iΩ
1)→ L23(iΩ
+ ⊕ iΩ0).
Let V 1λ be the subspace consisting of eigenvectors with corresponding eigenvalue ≤ λ of D
∗
1D1,
similarly, we define the spaces W 1λ , V
2
λ , W
2
λ .
We regard Vλ = V
1
λ ⊕ V
2
λ , Wλ =W
1
λ ⊕W
2
λ as Pin(2) action decomposition. V
1
λ is a H–linear
space, since D∗1D1 = /D
∗
/D commutes with Pin(2), i.e. V 1λ = H
m′ for some m′ ∈ N. Similarly,
W 1λ = H
m for some m ∈ N.
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By straightforward calculation, we have
dimR V
1
λ − dimRW
1
λ = dimR V
1
0 − dimRW
1
0 = dimR ker(D
∗
1D1)− dimR ker(D1D
∗
1).
By ker(D∗1D1) = ker(D1) and ker(D1D
∗
1) = ker(D
∗
1), wee have
dimR ker(D
∗
1D1)− dimR ker(D1D
∗
1) = IndR(D1).
W get that IndR(D1) = dimR V
1
λ − dimRW
1
λ = 4m
′ − 4m, we denote by 4k = IndR(D1).
Now, we consider V 2λ , W
2
λ . Since Pin(2) actions on V
2
λ , W
2
λ as Z2, we can write V
2
λ = R
n
and W 2λ = R
n′ . By the definition D2 = d
+
b + δb : iΩ
1
b → iΩ
+
b ⊕ iΩ
0
b , we have
IndR(D2) = n− n
′,
and by index theorem IndR(D2) = −(b0b − b
1
b + b
+
b ) = −(b
+
b + 1), thus n
′ = b+ + n + 1, i.e.
W 2λ = R
b
+
b
+n+1.
Now we give a proof of theorem 1.1.
Proof By the Adam operator on the equivalentK-group [9, Chapter 1,3], the following statements
are established.
(1) If k > 0, then
{α ∈ R(Pin(2))
∣∣ρl(F )α = ψl(α)ρl(E)} ⊂ ker(R(Pin(2))→ R((S1)),
where the right hand side map is induced from S1 →֒ Pin(2).
(2) For α ∈ ker(R(Pin(2))→ R(S1)), if
∞∑
d=0
(−1)d[ΛdF ] = α
∞∑
d=0
(−1)d[ΛdE],
then we have 2k + 1 ≤ b+.
The theorem is proved.
Corollary 4.10 Let (M,F ) be a closed oriented manifold with a codimensional 4-foliation. If
that M admits a foliated spin structure and the first basic de Rham cohomology vanishes, i.e.
H1b (M) = 0, and H
2
b (M) = 2, H
+
b (M) = 1, then we have
Ind( /Db) = 0.
References
[1] J. A. Alvarez Lo`pez, The basic component of the mean curvature of Riemannian foliations,
Ann. Global Anal. Geom., 10 (1992) 179-194.
[2] S. Bauer and M. Furuta, A stable cohomotopy refinement of Seiberg-Witten invariants: I,
Invent. Math. 155 (2004), no. 1, 1-19.
[3] J. Bru¨ning, F. W. Kamber, K. Richardson, Index theory for basic Dirac operators on Rie-
mannian foliations, Contemp. Math. 546 (2011), Amer. Math. Soc., Providence, RI, 39C81.
[4] D. Dominguez, A tenseness theorem for Riemannian foliations, C.R. Acad. Sci. Ser. I, 320
(1995) 1331-1335
[5] Furuta, M., Monopole equation and 118 -cojecture, Math. Res. Let. 8 (2001)
15
[6] A. El Kacimi-Alaoui, Operateurs transversalement elliptiques sur un feuilletage riemannien
et applications, Compositio Math. 73 (1990) 571-106
[7] Yuri Kordyukov, Mehdi Lejmi, Patrick Weber, SeibergCWitten invariants on manifolds with
Riemannian foliations of codimension 4, Journal of Geometry and Physics Volume 107,
September 2016, Pages 114-135
[8] F.W. Kamber, P. Tondeur, Foliated bundles and characteristic classes, Lecture Notes in
Mathematics, Vol. 493, Springer-Verlag, Berlin-New York, 1975.
[9] H. B. Lawson and M. L. Michelsohn, Spin Geometry, Pric. Uni. Pres. (1989)
[10] J. F. Glazebrook, F. W. Kamber, Transversal Dirac families in Riemannian foliations, Comm.
Math. Phys. 140 (1991), no. 2, 217C240.
[11] S. D. Jung, The first eigenvalue of the transversal Dirac operator, J. Geom. Phys. 39 (2001),
253-264.
[12] B. Reinhart, Foliated manifolds with bundle-like metrics, Ann. Math. (2) 69 (1959), 119C132
[13] H. Rummler, Quelques notions simples en geometrie riemannienne et leurs applications aux
feuilletages compacts, Comment. Math. Helv., 54 (1979) 224-239
[14] Ph. Tondeur, Foliations on Riemannian manifolds, Springer, New York, 1988
[15] S. Wang, A higher dimensional foliated Donaldson theory, I, Asian J. Math., 19 (2015), no.3,
527-554.
[16] E. Witten, Monopoles and four-manifolds, Math. Res. Lett. 1 (1994), no. 6, 769C796.
Graduate School of Mathematical Sciences, The University of Tokyo, 3-8-1 Komaba, Meguro-
ku, Tokyo 153-8914, Japan. E-mail: dexielin@ms.u-tokyo.ac.jp
16
